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LI I I .  On the atmospherical Refraction. By Mr. J. Ivo~tv. 
To the Editor. 
s,.,-L some researches ot~ astronomical refraction I found 
the subjoined tbrmula, which is not unworthy of tile attention of 
astronomers on account of its exactness, its convenience for cal- 
culation, and because it comprehends all the refractions from the 
zenith to the horizon in one expression. It is not an empirical 
formula, or one obtained by altering the coefficients till they re- 
present with sufficient accuracy a certain number of observed 
places. It is entirely theoretical, and, in fact, borrows nothing 
fi'om astronomical observations. The only elements that enter 
into its construction are the numbers that denote the refiaetive 
force of the air ; the mean pressure of the atmosphere ; and the 
mean horizontal refraetioti ; quantities which have been taken as 
they are laid down in the M~canique C~leste. In its original 
state, the formula would therefore give the refi'actions for the 
mean height of the barometer adopted by the French astrono- 
mers, and for the temperature of meltil~g ice ; but, in order to 
facilitate a comparison with the Table published in the Connai~- 
sance des Terns, it has been reduced to the temperature of l0 ° of 
the centigrade thermometer; or 50 ~ of Fahrenheit, by applying 
the correction directed to be used with-the Table. I t  would oc- 
cupy too many of your pages, sir~ to enter on a detail of the 
analysis; but I shall attempt below to point out he principles 
on which the investigation proceeds. 1 put A for the zenith 
distance, and R for the refraction : then, having found the sub- 
~idiary angle p by means of the formula, 
Log. tan ¢ -- 18"9873149-- log. cos.A, 
we have 
R = sin A x -~ t200""93 tan ½ 
+ 637"88 tan 3 ~ 
+ 163"78 tan s ~ q~ 
Jr- 19'51 tatg -~ 
+ 3"95 tan9 ~ 
-I- 0"64 tan'~ ~ z 
Log. of the coefficients. 
. . . .  3.1)795170 
. . . .  2'8047383 
. . . .  2"2142677 
. . . .  1"2903704 
. . . .  0,5967129 
. . - -1"8037929 
The comparison of this formula with the refractions in the 
Gonnaissance d s Terns, is contained in the following Table: 
Vol, 57. No. 277. May 1821. S s A. 
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o 
45 
60 
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89~. 
89{ 
89~ 
9O 
00 " 58"2 
1 40.6 
2 38"8 
Formula. Diff. 
O0 II I I  58.2 0'0 
1 40 ,6  0"0 
2 38"7 ~ 0"l 
5 19'8 
9 5 i.3 
!1 48.3 
14 28"1 
IS 22.2 
24 21.2 
26 20.4 
28 32.1 
31 1"8 
33 46.3 
5 19"6 
9 53"3 
11 46.4 
14 24.5 
18 15.8 
24 10"6 
26 8.5 
28 21"9 
30 53.0 
33 46"6 
- -  0"2  
- -  1"0  
- -  1"9 
- -36  
- 6"4 
- -106  
- -  11"9  
--10"2 
8"8 
+ 0"3 
It appears from this comparison that the formula is m perfect 
agreement with the French Table, at least as fat" as 80 ° from the 
zenith, which includes all the useful part of such a Table. At 
850 from the zen'th the difference amounts only to 1"; and the 
greatest divergence at 0 ° 45' above the horizon is short of 
12". 
At 70 ° from the zenith the third term of the series is insensi- 
ble; and at S0 °, it only comes to 0"'19; so that, if we neglect 
this small quantity, the two first terms of the series are suffi- 
cient for all stars elevated 10 ° above the horizon. The three 
first terms are sufficient as far as 85 ° from the zenith. 
Most physical problems are solved by a series of attempts in 
which some of the conditions are either omitted entirely, or so 
modified as to bring the investigation within the range of our 
knowledge. The first attempt to solve the problem of the astro- 
nomical refractions was made by Cassini, who neglected all 
changes of density in the atmosphere, whether arising from un- 
equal pressure or :*ariation of temperature. In this view, the air 
would constitute a uniform refracting medium surrounding the 
earth to the height of about 4543 fathoms. Tile simple hypo- 
thesis of Cassini seems hardtv to have met from astronomers with 
the attention it deserves : for, if we use accurate elementary 
quantities in the computation, it will determine the refractions 
to tile extent of 74 ° from the zenith with the same degree of ex- 
actness as any of the other methods, without even excepting the 
formula of Laplace, In an atmosphere such as Cassini sup- 
posed~ 
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On the almospherical Refraction. 323 
posed~ if the heat decrease in ttle same proportion with the 
pressure, the depression of lo of the centigrade thermometer 
will correspond to an elevation of nearly %~%3_~,_ or about 17~ 
fathoms. 
If we still neglect the effect of temperature, or, which is the 
same thing, suppose the heat to be invariably the same in every 
part of the atmosphere; but take into account he changes of 
density arising from inequality of pressure according to the law 
of Mariotte, we shall have another hypothesis very different from 
that of Casshii ; the air now expanding above the earth to an 
unlimited extent. In this ease the thermometer, at whatever 
elevation, would mark the same temoerature ; or, in mathe- 
matical anguage, the elevation ecessary for one degree of de- 
pression would be infinitely great. 
Between tile two extreme cases just described we may con- 
ceive that an infinite number of intermediate ones are interposed~ 
while the total height of the atmosphere increases from its least: 
limit of 4343 fathoms to be infinitely great ; the heat in each 
particular atmosphere decreasing uniformly as the elevation ill- 
creases, which is the law most conformable to experience. ]Ve 
have thus an infinite mmlber of different hypotheses, in all of 
which the refractions will be the same to the extent of 74 ° from 
the zenith; coinciding in every ease with the formula of Laplace, 
the exactness of which is indisputably established by observa° 
tion. But beyond the limit mentioned, the refractions will di- 
verge from one another, and each particular ease will have a 
horizontal refraction peculiar to itselL We may thus account 
for the inaccuracies that occur when a formula, naturally fitted 
to represent the r fi'actions near the zenith~ is extended, in an 
empirical manner, to the whole quadrant ; and likewise for the 
shifting which such a formula requires to be made in its elements, 
when it is compared with exact observations made near the ho- 
rizon. If indeed we consider the problem of refractions as one 
to be solved by observation alone, we may conclude that it is in- 
determinate, or admits of an indefinite number of solutions: and 
this is no more than an opinion, expressed in several parts of his 
writings~ by Delambre, the astronomer of the present day, whose 
authority on every point of astronomical science will be allowed 
to be tile highest. 
In the hypothesis of Cassini the horizontal refraction is 1289" ; 
and it amounts to 239.1" in the other extreme case of an atmo- 
sphere of an unlimited height. The hypothesis advanced by 
Thomas Simson, of a density decreasing uniformly with the ele- 
vation, is also contained in the series of atmospheres above men- 
tioned, coinciding with the one that has its height equal to 8686 
fathoms, or double that of ('as~ini ; and in thi~ ca:~e the hori2 
S s 2 zo~a~a| 
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324 On the atmospherical Rejraction. 
zontal refraction is 1824". All these quantities are very different 
from the mean horizontal refraction determined bv observation, 
which is 2106" according to Laplace. But there'must be one 
particular atmosphere in the series, which~ while it possesses the 
general property of representing the refractions near the zenith, 
will likewise coincide with observation at the horizon. Now I 
have found that this takes place in the atmosphere that has its 
total height equal to 17372 fathoms, or four times that of Cassini ;
and the formula I have sent you was obtained by integrating the 
differential expression of the refraction in this hypothesis. The 
character of tile fbrmnla may therefore be deseribed by saying~ 
that in all probability it will be found to coincide with observa- 
tion better than any other founded on the supposition of a uni- 
form decrease of heat. 
In the atmosphere to whleh my formula belongs, the elevatlon 
necessary for depressing the centigrade thermometer one degree 
is 70 fathoms, considerably short of the observed quantity, which 
is about 90 fathoms. As in the series of atmospheres, there is 
one agreeing with observation i the quantity of the horizontal 
refraction, so there is also one that will agree with observation 
in the elevation for one degree ofdepi'ession. In the atmosphere 
the height of which is five times that of Cassini, the elevation 
for one degree of depression is 87~ fathoms, nearly equal to the 
observed quantity ; and in this case the horizontal refraction is 
2164", or 58" more than according to observation. In reality, 
neither the horizontal refraction, nor the height necessary for one 
degree of depression, is determined with great precision ; but 
it is certain that on the one hand 70 fathoms is too little, and 
on the other 2106" is as great a quantity as can be admitted: 
and hence we may infer that the supposition of a uniform de- 
crease of heat in the atmosphere, cannot be reconciled with the 
astronomical refractions. But, although this be strictly true, yet 
the refractions are so nearly represented by the law mentioned~ 
that the actual deviation from it must be very inconsiderable. 
It would be superfluous to say any thing here of the solution 
of this problem contained in the JtlEcanique C~leste~ the merit 
of which is so well known, and so justly appreciated. 13oth the 
solution now mentioned, and the one given above, seek to ap- 
proach the truth by means of probable co~jectures ; and the ul- 
timate results come nearer one another than was to be expected 
in two methods employing very different processes of investiga- 
tion, and leading to formulm of calculation that have nothing 
in common ; the atmosphere in the one case being of indefinite 
extent~ while in the other the total height does not exceed twenty 
miles. 
The elevation for one degree of depression~ which in my for- 
mnl~ 
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Method of P~ogressions. 325 
mula is 70 fathoms, shows that the true physical state of the 
problem has not been attained. A solution agreeing with ob- 
servation in this element, must proceed on a law of density that 
deviates a little from a uniform decrease of heat. The formulae 
in the M~canique CEleste lik wise fall short of observation in 
this element : for thev give a depression of 46°'24 for an eleva- 
tion of 3817 fathoms instead of 40°'25 the observed quantity, 
being at the rate of 82 fathoms to a degree. Thus, the small 
differences between the French Tables and my formula corre- 
spond to a difference ot no less than 12 fathoms in this etemens 
of the problem. A solution that, besides fulfilling the other con- 
ditions of the problem, should likewise agree with observation i  
the height necessary for depressing the thermometer one degree, 
would, in all probability, give the atmospherieal refractions near 
the horizon as much above the French Tables as these exceed 
my formula; and in this manner, there is every reason to think, 
observation would be better represented. Till such a solutioa 
be found, it cannot be said that mathematical science has accom- 
plished all that it is possible to do for the behoof of astronomy. 
I am, &'e. 
May 8, 1821. J, IvoRY. 
LIV. Some _.4c¢ount of a Method which may be applied to the 
same Purposes a  Sir ISAAC NEWTON'S 3lethod of Fluxion~. 
By Mr. THOMAS TaEDGOLD. 
LETTER I I1.  "~ 
On the J'~[axima nd Minima of Quantities. 
To the Editor. 
SIR, - -  IN  a progression of quantities, formed according to some 
invariable law, the quantities may be of two kinds ; one of which 
is called constant, and the other variable. 
A constant quantity is tbat which retains the same numerical 
value in each term of a progression of quantities. 
A variable quantity is that of which the numet'ieal value in- 
creases or decreases in each succeeding term of a progression of 
quantities. 
The terms of a progression may be simple, or they may be 
compound. If the terms of a progression be compound, and 
contain both positive and negative quantities ; and the positive 
quantities be affected with the variable quantity in a manner dif- 
ferent from the negative ones ; there will be in a progression so 
s See lhe preceding letters at pages 177 and 200 ofthks volume. 
constituted~ 
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